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We introduce “Replicated Entanglement Entropy (REE)” as the entanglement entropy of a sub-
space in a replicated theory. We calculate this quantity by replicating the original theory in two
steps along the same entangling region and taking the proper limit on the second replica number.
The quantity has a clear physical meaning, a thermodynamic interpretation and a holographic dual.
Introduction
In various physical situations one is often interested
in measurements carried out by an observer who has a
partial access to the total degrees of freedom. Quantum
mechanically this becomes even more interesting as such
experiments reveal the quantum structure of states. The
relevant operator corresponding to such measurements is
the reduced density operator denoted by ρ. This is ob-
tained by starting with the density operator of the whole
system and taking a partial trace over the unaccessible
degrees of freedom.
In an ideal case one knows all the eigenvalues of
ρ, known as the entanglement spectrum. Equivalently,
one may look for a sequence of quantities known as
Re´ney entropies defined by
Sn =
1
1− n
log trρn , (1)
where n is a positive integer known as the replica num-
ber and “tr” stands for trace. The first entry in this
sequence, n → 1, is called the entanglement entropy of
the abovementioned subsystem and is denoted by S.
Here we are interested in a continuum field theory in
d+1 spacetime dimensions and our subsystem consists of
a d dimensional spatial subspace denoted by A and called
entangling region. Replication is produced by providing
n copies of the spacetime manifold, cutting each along A
and gluing them in a cyclic order along the cuts (see[1–
3]). We will denote by Z the partition function of the
original theory and by ZAn that of the replicated one.
In terms of these quantities, the n-th Re´ney entropy is
written as
SAn =
1
1− n
[
logZAn − n logZ
]
. (2)
In the context of gauge/gravity duality [4–6], entangle-
ment entropy has a distinct role as it has a holographic
description. For theories which have a gravitational dual,
Ryu and Takayanagi (RT) have proposed that SA of the
∗mosaffa@theory.ipm.ac.ir
subspace A is proportional to the area of a codimention
2 minimal surface in the gravitational background [7, 8].
It is holologeous to A on the asymptotic boundary where
the field theory lives.
There has also been progress in finding holographic
duals for Re´ney entropies [9–16]. In a recent work [17], a
modification of Re´ney entropy has been introduced and
shown to have a holographic description in terms of an
area law, very much in the spirit of the RT proposal. In
this work we introduce the same quanity of [17] but as
the entanglement entropy in a replicated theory, which
we call Replicated Entanglement Entropy (REE). Being
an entanglement, rather than a Re´ney entropy, the RT
proposal gives us the desired holographic description.
We start with the n-replicated theory and wish to cal-
culate the entanglement entropy of a certain subspace
B. This amounts to replicating once more by m and
taking the limit m → 1. In case of an existing gravita-
tional dual for the theory, the quantity we calculate can
be expressed as the area of its corresponding RT curve.
This time, though, the gravitational background has the
n-replicated field theory on its boundary.
Furthermore, in the special case of B=A, the re-
sulting entropy can be written in terms of the n-th
Re´ney entropy and its derivative and will turn out to
coincide with the modified Re´ney entropy of [17].
Replicated Entanglement Entropy
Suppose we have an n-replica of a theory along an en-
tangling region A. We now choose a second entangling
region B and replicate once more by m times. The re-
sulting Re´ney entropy which we denote by (SAn )
B
m is
(SAn )
B
m =
1
1−m
[
log(ZAn )
B
m −m logZ
A
n
]
, (3)
where (ZAn )
B
m represents the partition function after dou-
ble replication. One can now try to take the limit of
m → 1 and find the entanglement entropy of B on the
replicated theory, (SAn )
B. Whatever the result is, as long
as we have a gravitational description for the replicated
theory and according to the Ryu-Takayanagi prescrip-
tion, this quantity will be described by a minimal surface
in the bulk space. This space has the replicated theory
2living on its asymptotics and the minimal surface ends
on the entangling region B on the boundary.
Now suppose that we cut the n-replica along one of its
n copies of A and replicate it m times, that is, choose
B to be the original entangling region A. It is not hard
to convince oneself that the resulting theory will be the
nm-replica of the original one along A and that
(ZAn )
A
m = Z
A
nm . (4)
However, (SAn )
A
m 6= S
A
nm. That is, the m-th
Re´ney entropy of the n-replicated theory is not the
same as the nm-th Re´ney entropy of the original theory.
Rather, it is given by
(SAn )
A
m =
1
1−m
[
logZAnm −m logZ
A
n
]
, (5)
whereas
SAnm =
1
1− nm
[
logZAnm − nm logZ
]
. (6)
We can use equations (2) and (6) to write (5) as
(SAn )
A
m =
1
1−m
[
(1− nm)SAnm −m(1− n)S
A
n
]
. (7)
To find the entanglement entropy we now take the
m→ 1 limit of the above equation by setting m = 1 + ǫ
and taking the limit ǫ → 0. We find (we drop the index
A)
(Sn)1+ǫ ≈
1
ǫ
[ǫSn + n(n− 1)δSn] , (8)
and thus
S˜n ≡ lim
m→1
(Sn)m = n
2∂n
(
n− 1
n
Sn
)
. (9)
This is the quantity that was recently proposed in [17]
as a modification to Re´ney entropy. We see here that
it is in fact an entanglement entropy but in a replicated
theory. The construction makes it obvious that the
n → 1 limit reproduces the usual entanglement entropy.
Furthemore it was also shown in [17] that S˜n has a dual
description by holography. Here, this fact is a natural
consequence of the renowned Ryu-Takayanagi proposal
for the holographic dual of entanglement entropy.
Holographic dual of S˜n
According to RT prescription, to find the holographic
dual of S˜n we must calculate the area of a codimension
2 minimal surface in a certain d+2 dimensional gravita-
tional background. In this case such a background must
have an asymptotic boundary on which the replicated
theory resides. We follow [17] to denote such a gravita-
tional solution by Bn.
The n-replicated manifold on the asymptotic boundary
has a conical singularity along ∂A, the boundary of the
entangling region. This cone has a deficit angle 2π(n−1).
It turns out that the dual gravitational solution will be
smooth in the bulk [9].
Alternatively, one can make use of the Zn replica sym-
metry to replace the replicated boundary manifold with
a single copy of the original one. Instead, one should now
make an orbifold of the bulk solution Bˆn = Bn/Zn to pro-
duce the dual gravitational side. The Zn action has fixed
points in the bulk whose locus constitute a codimension
2 surface. As a result the bulk solution will have a con-
ical singularity along this surface and the corresponding
deficit angle will be 2π(n− 1)/n [18] (see also [19]).
In [17] the latter approach has been used to find the
holographic dual of S˜n
S˜n =
Area(Cosmic Branen)
4GN
, (10)
where the cosmic brane’s dynamic is governed by the
Nambu-Gotto action. It backreacts on the geometry and
produces the mentioned conical singularity. Its profile is
found by solving for the saddle point of the total action
of bulk and brane.
Here, our construction of S˜n as an entanglement en-
tropy suggests the former approach, i.e. the one with
a replicated boundary and a smooth bulk, as a natural
holographic setup. By the standard RT prescription, this
amounts to finding the solution Bn and calculating the
area of the codimension 2 minimal surface homologeous
to A1
S˜n =
Area(Minimal Surface)
4GN
. (11)
To sum up, the proposal in (10) works with a smooth
boundary and a singular bulk Bˆn whereas in (11) we work
with a singular boundary and a smooth bulk Bn.
We give an example in the following.
An Example
We test (11) in AdS3, parametrized by (z, x, τ). The
boundary is a replicated two dimensional CFT. We focus
on one of the n replicas with coordinates (x, τ) and choose
the entangling region to be a spatial interval with ends
at (−a, 0) and (a, 0). The smooth bulk solution Bn in
this case can be found by methods developed in [20] (see
appendix C of [10] for details). The bulk metric at the
t = 0 slice is found as
ds2|t=0 =
dz2
z2
+
(
1
z2
−
a2(1 − 1/n2)
(x2 − a2)2
)
dx2 . (12)
1 We choose one of the n copies of A on the boundary.
3This is the usual AdS metric with an additional term2.
To find the minimal surface one should solve the geodesic
equation with the above metric. As an approximation we
consider the new term to be small. This can be achieved
by assuming that n ≈ 1. One may also note that this
term is only important when x ≈ ±a, that is, when the
geodesic curve touches the boundary. We thus keep n
arbitrary and assume that the additional term does not
change the shape of the geodesic curve and only changes
its length.
The geodesic is given by a semicircle x2 + z2 = a2 and
its length is given by
L = 2
∫ a
δ
dz
z
√
1 +
z2
a2 − z2
(
1−
z2a2(1− 1/n2)
(x2 − a2)2
)
(13)
where δ is the UV cutoff. Upon integration we find
L =
2
n
log
2a
δ
. (14)
Once we substitute this in (11) and recalling that 3
2GN
=
c, the central charge of field theory, we find
S˜n =
Area(Minimal Surface)
4GN
=
1
n
c
3
log
2a
δ
. (15)
On the other hand we know the Re´ney entropy of an
interval to be
Sn =
c
6
(1 +
1
n
) log
2a
δ
. (16)
Plugging this in the definition of S˜n we find
S˜n = n
2∂n
(
n− 1
n
Sn
)
=
1
n
c
3
log
2a
δ
. (17)
Therefore the holographic result as obtained in (15)
agrees with the direct computation in field theory.
Curious enough despite an approximate calculation in
the bulk we get the exact answer. More examples should
be examined for a better insight.
Thermodynamics of S˜n
A very insightful description for entanglement entropy
of spherical regions was developed in [21] in terms of ther-
mal entropy. The analysis allows to write the entangle-
ment entropy for such regions in terms of the thermody-
namic free energy F (T )
S = −
∂F
∂T
, (18)
2 We take the AdS radius to be 1
where the temperature is inversely proportional to the
radius of the entangling sphere. In [10] further thermo-
dynamic connections were found for the Re´ney entropy
of spherical regions
Sn =
n
1− n
[F (1)− F (1/n)] , (19)
where we have taken the temperature to be 1. The free
energy F (1/n) is associated to the replicated theory as
shown in [10]. We see that the thermal entropy result-
ing from this free energy is the replicated entanglement
entropy
S˜n = n
2∂n
(
n− 1
n
Sn
)
= −
∂F (1/n)
∂(1/n)
. (20)
The conclusion is that the replicated entanglement
entropy for the sphere can also be understood in thermal
terms with a temperature 1/n. Similar arguments were
given in [17].
Final Remarks
Replicated Entanglement Entropy may prove to be
useful in finding a geometric holographic description for
Re´ney entropy. It will be interesting to perform the
analysis of [21] for a direct thermal description in the
replicated theory. Also, the two holographic descriptions
in (10) and (11) require the cosmic brane in Bˆn and the
minimal surface in Bn to have the same area. This may
have interesting consequences.
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